Entanglement Temperature in Non-conformal Cases by He, Song et al.
ar
X
iv
:1
30
8.
08
19
v2
  [
he
p-
th]
  2
9 O
ct 
20
13
Prepared for submission to JHEP
Entanglement Temperature in Non-conformal Cases
Song He,a Danning Li,b Jun-Bao Wub
aState Key Laboratory of Theoretical Physics, Institute of Theoretical Physics, Chinese Academy
of Science, Beijing 100190, P. R. China
bInstitute of High Energy Physics, and Theoretical Physics Center for Science Facilities, Chinese
Academy of Sciences, Beijing 100049, P.R. China
E-mail: hesong@itp.ac.cn, lidn@ihep.ac.cn, wujb@ihep.ac.cn
Abstract: Potential reconstruction can be used to find various analytical asymptotical
AdS solutions in Einstein dilation system generally. We have generated two simple solu-
tions without physical singularity called zero temperature solutions. We also proposed a
numerical way to obtain black hole solution in Einstein dilaton system with special dilaton
potential. By using this method, we obtain the corresponding black hole solutions numer-
ically and investigate the thermal stability of the black hole by comparing the free energy
of thermal gas and the corresponding black hole. In two groups of non-conformal gravity
solutions obtained in this paper, we find that the two thermal gas solutions are more un-
stable than black hole solutions respectively. Finally, we consider black hole solutions as a
thermal state of zero temperature solutions to check that the first thermal dynamical law
exists in entanglement system from holographic point of view.
Keywords: Black hole solutions, Thermal gas solutions, Entanglement temperature,
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1 Introduction
The AdS/CFT correspondence [1][2][3][4] is a very important and fundamental relation
which connects gravitational theories and quantum field theories. As an application, in
[5] Ryu and Takayanagi proposed a general way for calculating the entanglement entropy
of boundary field theory through AdS/CFT correspondence. The main point is that the
entanglement entropy in the large N (and large ’t Hooft coupling) limit in field theory side
can be mapped to an area of minimal surface in gravity side. Prescription on computing
the holographic entanglement entropy (HEE) has been proved in [6][7]. There are so many
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evidences [8][9][10] to confirm this proposal within AdS3/CFT2 correspondence. As appli-
cations of HEE, there are intensive studies [11]-[26] recently. More recently, in [27], a free
falling particle in an AdS space was used to mimic the holographic dual of local quenches
and the HEE has been computed to show the evolution of quantum entanglement. In
[28], an analytical framework for holographic counterpart of global quantum quenches was
given. In [29], the authors studied how a small perturbation of HEE evolves dynamically
through solving the Einstein equation in AdS spaces.
In vacuum state the leading divergent term of entanglement entropy(EE) is propor-
tional to the area of the entangling surface (in many models)[30][31] , which is the original
motivation for relating EE with black hole entropy. The EE is also an useful quantity to
describe the quantum correlations between the in and out side of a subsystem in QFT.
The behavior of EE in low excited states is also important to understand the quantum
entanglement nature of the system. This topic has been studied by many authors, for
example [32][33]. The elegant method of HEE could also be used to study the property of
EE in low excited states of CFT, which may be related with the background perturbation
of the bulk.
In [35], the authors have studied the low thermal excited state in the holographic view,
and furthermore, they find an interesting relation between the variance of energy and EE of
the subsystem in low thermal excited states of CFT living on the boundary, which is similar
to the first law of thermodynamics, i.e., ∆E = Teff∆S, where Teff , called entanglement
temperature, is only related to the shape of the subsystem.
In effective theory of gravity, higher derivative terms will appears as corrections to
Einstein-Hilbert action. The HEE formula for Lovelock gravity have been studied in
[15][16] by comparing the logarithm term with the CFT prediction1. [23][36] have also
studied the HEE with higher derivative gravity. In [37], the authors have studied the
property of EE with low excitation in these cases from the the holographical point of view.
Though general formula of HEE with the bulk theory containing arbitrary higher curvature
terms is still an open question to be further studied, one can still hope that the results
in [15][16][17][18][23][36][38][37] will shed light on the quantum corrections to HEE. More
recently, some quantum corrections have been studied in [39][40].
We would like to extend these studies to non-conformal cases, especially for Einstein-
dilaton system. The key point of this extension is to find vacuum state and corresponding
thermal excitation state. Previously, there were various studies in [41] [42] on gravity
solutions in ED system. It is hard to obtain the gravity duals of these two states in
these frameworks. Different from the logic of [41] [42], a bottom-up approach known
as the potential reconstruction approach [43][44] is indeed a much easier way to obtain
gravity solutions. Using this bottom-up approach, a new Schwarzschild-AdS black hole in
five-dimensions coupled to a scalar field was discussed in [43], while dilatonic black hole
solutions with a Gauss-Bonnet term in various dimensions were discussed in [45]. A new
class of four dimensional gravity solutions has been found in [46].
We will review the potential reconstruction approach to obtain general gravity so-
1HEE in this case was also studied in [17][18] , following the approach of [6].
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lution in 5D. In [44], the authors have used this method to construct a semianalytical
gravity solution to study some thermodynamical quantities, their results agree with the
numerical results from recent studies in lattice QCD. [44] provided an excellent example of
constructing a holographic model using the potential reconstruction approach. Motivated
from finding the vacuum state and thermal excitation state, we would like to construct two
gravity solutions or phases in the same ED system. It is valuable to study the thermal exci-
tation properties of this system. In this paper, we will list two analytical zero temperature
solutions to show the details of this approach.
In this paper, we would like try to obtain two black hole solutions which correspond
to these two zero temperature solutions, respectively. To find the gravity solutions in
Einstein dilation system with special dilation potential is the hard core. We here propose
a systematical way to obtain the numerical gravity solutions. To give the details, we
take two black hole solutions obtained in this paper as examples. Furthermore, we have
studied the free energy of these solutions and find that the thermal gas solutions are
thermal dynamically unstable. By following the logic line proposed by [35], we consider
black hole solution as the thermal excitation of corresponding zero temperature solution
and we would like study a novel quantity called entanglement temperature. With this
entanglement temperature, there exists the first-law-like relation that are proposed in [35]
then.
The organization of the paper is as follows: in section 2, we briefly review the potential
reconstruction approach to the Einstein-Maxwell-Dilaton system by generalizing the dis-
cussion in [47] to the case with a coupling between dilaton field and Maxwell field. We also
follow this approach to generate domain wall solutions. In section 3, we discuss the generic
black hole solution with asymptotical AdS boundary in Einstein dilaton system, and in
particular present two new analytic zero temperature solutions which will be used later.
In this section, we also proposed a numerical way to obtain the black hole solutions in ED
system. We list two groups of gravity solutions. In each group, the one is zero temperature
solution and the other is corresponding black hole solution. In section 4, we calculate the
difference of free energy of thermal gas and the corresponding black hole solutions generally.
Here these thermal gas solutions are obtained from Wick rotation in time direction in zero
temperature solutions. We take two groups of thermal gas and Euclidean version of black
hole solutions as examples to show that the thermal gas solutions are unstable. In section
5, as an application of these solutions from AdS/CFT point of view, we study the novel
quantity called entanglement temperature in these cases and we consistently check that
the thermodynamical first law like exists in our cases. Section 6 is devoted to conclusions
and discussions. We put some details of the computations in this paper in the Appendix
A. In appendix B, we list 6 new gravity solutions generated by potential reconstruction in
ED system.
2 Einstein-Maxwell-Dilaton system
In this section, we just review how to use the potential reconstruction approach [44, 47–49]
to obtain solutions to a 5D Einstein-Dilaton (ED) system and Einstein-Maxwell-Dilaton
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(EMD) system. In [47], the authors have not considered the coupling between gauge field
and dilaton field in Einstein frame. Here we take the coupling into consideration to start
with a more general version
S5D =
1
16πG5
∫
d5x
√
−gSe−2φ
(
RS + 4∂µφ∂
µφ− VS(φ)− Z(φ)
4g2g
e
−4φ
3 FµνF
µν
)
, (2.1)
where the action (2.1) is written in string frame, Fµν = ∂µAν − ∂νAµ is the Maxwell field.
In Einstein frame, we can write the action as [49]
S5D =
1
16πG5
∫
d5x
√
−gE
(
R− 4
3
∂µφ∂
µφ− VE(φ)− Z(φ)
4g2g
FµνF
µν
)
, (2.2)
where VS = VEe
−4φ
3 . The metrics in both frames are connected by the scaling transforma-
tion
gSµν = e
4φ
3 gEµν . (2.3)
The Einstein equations from the action (2.2) read
Eµν +
1
2
gEµν
(
4
3
∂µφ∂
µφ+ VE(φ)
)
− 4
3
∂µφ∂νφ− Z(φ)
2g2g
(
FµkFν
k − 1
4
gEµνFklF
kl
)
= 0,(2.4)
where Eµν = Rµν − 12Rgµν is Einstein tensor. When we turn off the gauge field, the EDM
system will be reduce to ED system given in appendix A. We here consider the ansatz
A = A0(z)dt, φ = φ(z) for matter fields and
ds2S =
L2e2As
z2
(
−f(z)dt2 + dz
2
f(z)
+ dxidxi
)
, (2.5)
for the metric in string frame, where L is the radius of AdS5 space and As is the warped
factor, a function of coordinate z. In Einstein frame the metric reads
ds2E =
L2e2Ae
z2
(
−f(z)dt2 + dz
2
f(z)
+ dxidxi
)
,
=
L2e2As−
4φ
3
z2
(
−f(z)dt2 + dz
2
f(z)
+ dxidxi
)
, (2.6)
with Ae = As − 2φ/3.
In the metric (2.6), the (t, t), (z, z) and (x1, x1) components of Einstein equations are
respectively
b′′(z) +
b′(z)f ′(z)
2f(z)
− b
′(z)2
2b(z)
+
4
9
b(z)φ′(z)2 +
A0
′(z)2Z(φ)
6g2gf(z)
+
VE(φ)b(z)
2
3f(z)
= 0,
φ′(z)2 − 9b
′(z)f ′(z)
8b(z)f(z)
− 9b
′(z)2
4b(z)2
− 3A0
′(z)2Z(φ)
8g2gb(z)f(z)
− 3VE(φ)b(z)
4f(z)
= 0,
f ′′(z) +
3b′(z)f ′(z)
b(z)
+
4
3
f(z)φ′(z)2 +
3f(z)b′′(z)
b(z)
− 3f(z)b
′(z)2
2b(z)2
− A0
′(z)2Z(φ)
2g2gb(z)
+ VE(φ)b(z) = 0,
(2.7)
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where b(z) = L
2e2Ae
z2
, and A0(z) is electrical potential of Maxwell field. From those three
equations one can obtain following two equations which do not contain the dilaton potential
VE(φ),
A′′s(z) +A
′
s(z)
(
4φ′(z)
3
+
2
z
)
−A′s(z)2 −
2φ′′(z)
3
− 4φ
′(z)
3z
= 0, (2.8)
f ′′(z) + f ′(z)
(
3A′s(z)− 2φ′(z)−
3
z
)
− z
2Z(φ)e
4φ(z)
3
−2As(z)A′0(z)
2
g2gL
2
= 0. (2.9)
Eq.(2.8) is the starting point to find exact solutions of the system. Note that Eq.(2.8)
in the EMD system is the same as the one in the Einstein-dilaton system considered in
[44][48] and the last term in Eq.(2.9) is an additional contribution related to electrical field.
In addition, the EOM of the dilaton field is given as following
8
3
∂z
(
L3e3As(z)−2φf(z)
z3
∂zφ
)
− L
5e5As(z)−
10
3
φ
z5
∂φVE(φ) +
Z ′(φ)b(z)A′0(z)
2
2g2g
= 0. (2.10)
The EOM of the Maxwell field is given as
1√
−gE
∂µ
(√
−gEZ(φ)Fµν
)
= 0. (2.11)
From equations of motion, we can obtain a general solution to the system with given
As(z), which takes the following form
φ(z) =
∫ z
0
e2As(x)
(
3
2
∫ x
0 y
2e−2As(y)A′s(y)
2 dy + φ1
)
x2
dx+
3As(z)
2
+ φ0, (2.12)
A0(z) = A00 +A01
(∫ z
0
ye
2φ(y)
3
−As(y)
Z(φ(y))
dy
)
, (2.13)
f(z) =
∫ z
0
x3e2φ(x)−3As(x)


A01
2
(∫ x
0
ye
2φ(y)
3 −As(y)
Z(φ(y)) dy
)
g2gL
2
+ f1

 dx+ f0, (2.14)
VE(z) =
e−2As(z)+
4φ(z)
3 z2f(z)
L2
2
(
− e
−2As(z)+ 4φ(z)3 Z(φ(z))z2A′0(z)
2
4g2gL
2f(z)
− 2
(
3 + 3z2A′s(z)2 + 4zφ′(z) + z2φ′(z)2 − 2zA′s(z) (3 + 2zφ′(z))
)
z2
− f
′(z) (−3 + 3zA′s(z)− 2zφ′(z))
2zf(z)
)
, (2.15)
where the φ0, A00, A01, f0, f1 are all integration constants and can be determined by suitable
UV and IR boundary conditions. Specially for Z(φ) = 1, the general solution reduces to
the one given in [47]. Thus we have reviewed a generic formalism [50] to generate exact
solutions of the EMD system with a given As(z).
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2.1 Potential reconstruction in domain wall ansatz
By using of potential reconstruction approach, one can generate gravity solution as he/she
wants. In this subsection, we do not repeat the details and just list the results.
Our starting point is the following Einstein-Maxwell-dilaton action in d+1 spacetime
dimensions:
I =
1
16πGd+1
∫
M
dd+1x
√−g[R− Z(φ)
4
F 2 − 1
2
(∂φ)2 + V (φ)] + IGH , (2.16)
IGH =
2
16πGd+1
∫
∂M
ddx
√
hK. (2.17)
This action describes the dynamics of a U(1) gauge field Aµ (with field strength F = dA)
and a real scalar field φ coupled to Einstein gravity. The boundary term IGH is the standard
Gibbons-Hawking term needed to make the variational problem well-defined. As such this
action describes the grand canonical ensemble.
Since we are interested in solutions with finite temperature and chemical potential and
we set following domain wall ansatz
ds2 = e2A(u)(−f(u)dt2 + dxidxi) + du
2
f(u)
,A = At(u)dt, φ = φ(u), (2.18)
where the AdS radius has been set to one. In this frame the second order equations of
motion reduce to the following set of differential equations
d
du
(e(d−2)AZA˙t) = 0, (2.19)
2(d− 1)A¨+ φ˙2 = 0, (2.20)
f¨ + dA˙f˙ − e−2AZA˙2t = 0, (2.21)
(d− 1)A˙f˙ + (d(d − 1)A˙2 − 1
2
φ˙2)f − V + 1
2
Ze−2AA˙2t = 0. (2.22)
Here the dot stands for derivative with respect to u. We can extend the logic of potential
reconstruction to this general case with domain wall ansatz. The general solutions are as
follows
At(u) =
∫ u
1
ρe−2(A(x))
Z(φ(x))
dx+At0,
A = a1u+
∫ u
0
(∫ y
0
−1
6
φ′(x)2 dx
)
dy,
f(u) =
∫ u
0
(
e−4(Ay)
∫ y
0
e2(Ax) (At(x))
2 (Z(φ(x))) dx + f1e
−4(Ay)
)
dy + f0
)
,
V (u) = (d− 1) (A′(u)) (f ′(u))+ (f(u))((d− 1)d (A′(u))2 − 1
2
(
φ′(u)
)2)
+
1
2
e−2(A(u))
(
A′t(u)
)2
(Z(φ(u))), (2.23)
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where At0, a1, f0, f1 are integral constants. One can use the A(u) defined in (2.18) to
generate the whole gravity solutions in terms of (2.23). As an application, we here list one
explicit solution with d = 4:
A(u) = u+ a,
φ(u) = b,
At(u) = − c
2
e−2u,
f(u) = 1 +
c2e−2a−6u
12
− de
−4u
4
.
V (u) = 12. (2.24)
Here a, b, c, d are integral constants which can be determined by boundary conditions. One
can set a = b = c = d = 0 to reproduce the pure AdS5 solution. This example is used to
show this method is convenient to generate the gravity solution effectively.
3 General asymptotical AdS black hole solutions
In this part, we will review the general asymptotical AdS black hole solutions given in [50].
Since we are only interested in the black hole solutions with asymptotic AdS boundary,
[50] impose the boundary condition f(0) = 1 at the AdS boundary z = 0, and require
φ(z), f(z), A0(z) to be regular at black hole horizon zh and AdS boundary z = 0. There
is an additional condition A0(zh) = 0, which corresponds to the physical requirement that
AµA
µ = gttA0A0 must be finite at z = zh.
[50] expressed the function f(z) in eq.(2.14) as
f(z) = 1 +
A01
2
2g2gL
2
∫ z
0 g(x)
(∫ zh
0 g(r)dr
∫ x
r
g(y)
1
3 dy
Z(φ(y))
)
dx∫ zh
0 g(x)dx
−
∫ z
0 g(x)dx∫ zh
0 g(x)dx
, (3.1)
where f0 = 1, f1 = − A0124g2gL2
∫ zh
0 g(x)
∫ x
0
g(y)
1
3
Z(φ(y))
dy+1∫ zh
0 g(x)dx
and
g(x) = x3e2φ(x)−3As(x). (3.2)
One can expand the gauge field near the AdS boundary to relate the two integration
constants to chemical potential and charge density
A0(z) ∼ A00 +A01 e
2φ(y)
3
−As(y)
Z(φ(y))
(
1 + y(
2φ′(y)
3
−A′s(y))
) ∣∣∣
y=0
z2, (3.3)
with
A00 = µ, (3.4)
A01 =
µ∫ zh
0 y
e
2φ
3 −As(y)
Z(φ(y)) dy
=
µ∫ zh
0
g(y)
1
3
Z(φ(y))dy
. (3.5)
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The temperature of the black hole can be determined through the function f(z) in
(3.1) as
T =
∣∣∣∣∣∣∣
A201
4πg2gL
2
g(zh)
∫ zh
0 g(r)dr
∫ zh
r
g
1
3 (y)
Z(φ(y))dy − g(zh)∫ zh
0 g(x)dx
∣∣∣∣∣∣∣ . (3.6)
Following the standard Bekenstein-Hawking entropy formula, from the geometry given in
eq. (2.6), we obtain the black hole entropy density S, which is obtained using the area
Aarea of the horizon
S =
Aarea
4G5V3
=
L3
4G5
(
eAs−
2
3
φ
z
)3∣∣∣
zh
, (3.7)
where V3 is the volume of the black hole spatial directions spanned by coordinates xi
in (2.6). For this paper, we do not consider the effects of the U(1) gauge field. In the
remain part, we will focus on the ED system. We will propose an algorithm to obtain
the black hole solution in ED system numerically. The algorithm is different from the
potential construction approach shown in eq. (2.12)-eq. (2.15). Here we just review the
previous results and obtain two zero temperature solutions in different ED systems. It is
just technical trick to obtain zero temperature solutions. In the following subsection, we
will focus on how to obtain the corresponding black hole solution numerically with respect
to special zero temperature solutions in ED system.
3.1 The first analytical solution
In this subsection, we list an analytical solution of the Einstein-Maxwell-Dilaton system
by using Eq.(2.12-2.15) with Z(φ) = 1. We impose the constrain f(0) = 1, and require
φ(z), f(z) to be regular at z = 0, and zh. We give the solution in Einstein frame
ds2E =
L2e2Ae1
z2
(
−f1(z)dt2 + dz
2
f1(z)
+ dxidxi
)
, (3.8)
with
Ae1(z) = log
(
z
z0 sinh(
z
z0
)
)
,
f1(z) = 1− 4V11
3
(3 sinh(
z
z0
)4 + 2 sinh(
z
z0
)6) +
1
8
V 212 sinh
(
z
z0
)4
,
φ1(z) =
3z
2z0
,
A01(z) = µ1 − 2ggL
z0
V12 sinh
(
z
2z0
)2
, (3.9)
where z0 is an integration constant and V11, V12 are two constants from the dilaton potential
VE1(φ1) = −
12 + 9 sinh2
(
2φ1
3
)
+ 16V11 sinh
6
(
φ1
3
)
L2
+
V 212 sinh
6
(
2φ1
3
)
8L2
. (3.10)
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Note that V11 can be parameterized by black hole horizon zh. The two integration constants
V11 and V12 then can be expressed in terms of horizon zh as
V11 =
3cosh4
(
zh
2z0
)(µ2z20 sinh4( zhz0 )cosh4( zh2z0 )
4g2gL
2 + 8
)
32
(
2 sinh2
(
zh
2z0
)
+ 3
) ,
V12 =
µz0cosh
2
(
zh
2z0
)
2ggL
. (3.11)
In this solution, we can just only consider the degenerate case with V11 = 0, V12 =
0, µ1 = 0. The explicit form for the degenerate case called the first zero temperature
solution is
Aet1(z) = log
(
3p1z
2 sinh(3p1z2 )
)
,
ft1(z) = 1,
φt1(z) = p1z,
VEt1(φ) = −
12 + 9 sinh2
(
2φt1
3
)
L2
. (3.12)
In the last step we have set z0 =
2
3p1 which is helpful for following analysis.
3.1.1 The corresponding black hole solution
In this subsection, we would like to find the black hole solution with the same potential as
the previous subsection in ED system. Firstly, the UV behavior of the black hole should
be asymptotical AdS and there is a horizon in the IR region which is parameterized by
zh. We find an algorithm to find the numerical solution consistently. In order to show
how the algorithm work, we list all the details in appendix. Roughly speaking, we try to
expand in power series all unknown function as positive powers of z and try to fix all the
coefficients numerically. In the UV region, the black hole can be solved as follows from
– 9 –
coupled equations of motion with the potential Eq. (3.12)
φb1(z) = p1z + p3z
3 +
((405f41p1 + 612p
2
1p3)z
5)
3240
+
(8100f41p1
3 + 229635f41p3 + 10944p
4
1p3 + 133164p1p
2
3)z
7
612360
+O(z7)
fb1(z) = 1− f41z4 − 4
27
f41p
2
1z
6 +
−13f41p41
1215
− f41p1p3
5
)z8
+
(−10935f241p21 − 328f41p61 − 37908f41p31p3 − 78732f41p23)z10
688905
+O(z10)
Aeb1(z) = −(2/27)p21z2 + (
(4p41)
3645
− (2p1p3)
15
)z4
+
(−54675f41p21 − 128p61 − 67068p31p3 − 393660p23)z6)
4133430
+
((−50625f41p41 + 64p81 − 3444525f41p1p3 − 74952p51p3 − 2943216p21p23)z8
62001450
+ O(z8). (3.13)
One can see the black hole solution in the UV region can be expressed in series of powers
of z. In principle, one can obtain more higher powers of z to get the full expression of
black hole background. Unfortunately, we can not obtain complete form of the black hole
solution. The main reason is that we do not find simple recurrence relation among the
coefficients of each power of z. It is easy to see that the black hole solution with asymp-
totical AdS can be controlled by three integral constants p1, p3, f41. p1 is free parameter
and p3, f41 are determined by boundary condition in IR region. Here we choose parameters
p1, p3, f41 to show one black hole solution numerically. Here p3, f41 are not independent
and they are related to the horizon position zh such that fb1(zh) = 0. In appendix A, we
will show the details how to find zh. The numerical relation between p3(zh) and f41(zh)
has been shown in Fig. 1.
50 100 150 200
f41
-6
-5
-4
-3
-2
-1
0
p3
Figure 1. p3v.s.f4. p3 decreasing with f41 monotonously. Here we have chosen the parameter
p1 = 1.5GeV.
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For simplifying numerical analysis, we fix p1 = 1.5GeV. Here we just only show the
series expansion of black hole solutions and the complete solution can be obtained by
the algorithm explained in appendix A. Figs. 2-4 show the configuration of black hole
solution. The black hole horizon can be easily read out by fb1(zh) = 0. From these figures,
one can continuously go back to zero temperature solution from black hole solution with
decreasing value of f41 to zero. f41 decreases with increasing p3 simultaneously. Where
the temperature is defined by T = fb1(z)
′
4π |z=zh . This behavior will be helpful to understand
entanglement temperature in section 5.
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
z
0.5
1.0
1.5
Φb1HzL
T=0.426
T=0.358
T=0.336
T=0
Figure 2. The configuration of φb1(z) as a function holographic coordinate z. Here we have
fixed p1 = 1.5GeV all over the paper. The four parameters for these curves are taken val-
ues as following {T = 0, f41 = 0, p3 = 0}, {T = 0.336GeV, f41 = 0.5GeV4, p3 = −0.139...GeV3},
{T = 0.358GeV, f41 = 0.75GeV4, p3 = −0.186...GeV3}, {T = 0.426, f41 = 2GeV4, p3 = −0.360...GeV3}
respectively. To get a smooth function numerically, p3 have very high-precision and we replace the
more additional number with ”...” for short.
3.2 The second analytical solution
The second exact solution with ansatz
ds2E =
L2e2Ae2
z2
(
−f2(z)dt2 + dz
2
f2(z)
+ dxidxi
)
, (3.14)
is
Ae2(z) = − log
(
1 +
z
z0
)
, (3.15)
f2(z) = 1− V21
(
z7
7z70
+
z6
2z60
++
3z5
5z50
+
z4
4z40
)
+
ρ22z
8
0
g2gL
2
( 5z8
32z80
+
z10
60z100
+
z9
12z90
+
11z7
84z70
+
z6
24z60
)
, (3.16)
φ2(z) = 3
√
2 sinh−1
(√
z
z0
)
,
A02(z) = µ2 + ρ2
(
z0z
2
2
+
z3
3
)
. (3.17)
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Figure 3. The configuration of fb1(z) as a function holographic coordinate z. Here we have
fixed p1 = 1.5GeV all over the paper. The four parameters for these curves are taken val-
ues as following {T = 0, f41 = 0, p3 = 0}, {T = 0.336GeV, f41 = 0.5GeV4, p3 = −0.139...GeV3},
{T = 0.358GeV, f41 = 0.75GeV4, p3 = −0.186...GeV3}, {T = 0.426, f41 = 2GeV4, p3 = −0.360...GeV3}
respectively. To get a smooth function numerically, p3 have very high-precision and we replace the
more additional number with ”...” for short.
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-0.25
-0.20
-0.15
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-0.05
Aeb1HzL
T=0.426
T=0.358
T=0.336
T=0
Figure 4. The configuration of Aeb1(z) as a function holographic coordinate z. Here we
have fixed p1 = 1.5GeV all over the paper. The four parameters for these curves are taken
values as following {T = 0, f41 = 0, p3 = 0}, {T = 0.336GeV, f41 = 0.5GeV4, p3 = −0.139...GeV3},
{T = 0.358GeV, f41 = 0.75GeV4, p3 = −0.186...GeV3}, {T = 0.426, f41 = 2GeV4, p3 = −0.360...GeV3}
respectively. To get a smooth function numerically, p3 have very high-precision and we replace the
more additional number with ”...” for short.
where z0, µ2, and ρ2 are integration constants and V21 is a constant from the dilaton
potential and gg is gauge coupling. The dilaton potential is given as
VE2(φ2) = − 12
L2
−
42 sinh4
(
φ2
3
√
2
)
L2
−
42 sinh2
(
φ2
3
√
2
)
L2
−
3V21 sinh
14
(
φ2
3
√
2
)
35L2
−
3V21 sinh
12
(
φ2
3
√
2
)
10L2
−
3V21 sinh
10
(
φ2
3
√
2
)
10L2
+
ρ2z80
g2gL
2
{sinh24 ( φ2
3
√
2
)
20L2
+
3 sinh22
(
φ2
3
√
2
)
10L2
+
59 sinh20
(
φ2
3
√
2
)
80L2
+
15 sinh18
(
φ2
3
√
2
)
16L2
+
5 sinh16
(
φ2
3
√
2
)
8L2
+
5 sinh14
(
φ2
3
√
2
)
28L2
}
. (3.18)
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This solution is also a generalization of the one given in [44].
Here we turn off the U(1) gauge field and the second solution can be reduced to the
following
Aet2(z) = − log
(
1 + p21
2
z
)
, (3.19)
ft2(z) = 1, (3.20)
φt2(z) = 3
√
2 sinh−1
(
p 1
2
√
z
)
,
VEt2(φt2) = − 12
L2
−
42 sinh4
(
φt2
3
√
2
)
L2
−
42 sinh2
(
φt2
3
√
2
)
L2
. (3.21)
Which is so called the second zero temperature solution. In the last step we have set
z0 =
1√
p 1
2
which is helpful for following analysis.
3.2.1 The corresponding black hole solution
In this subsection, we would like to find the black hole solution with same potential in
Einstein dilation system. As before, the UV behavior of the black hole should be asymp-
totical AdS and there is a horizon in the IR region which is parameterized by zh. The
series expansion of solution near UV region is:
φb2(z) = p 1
2
√
z − 1
108
p31
2
z3/2 +
p51
2
z5/2
4320
+
(
653184p 7
2
− 5p71
2
)
z7/2
653184
+
z9/2
(
18895680f42p 1
2
+ 515p91
2
+ 1712
(
653184p 7
2
− 5p71
2
)
p21
2
)
302330880
+
z11/2
(
69284160f42p
3
1
2
+ 1135p111
2
+ 5172
(
653184p 7
2
− 5p71
2
)
p41
2
)
13302558720
+ O(z
11
2 ),
fb2(z) = 1− f42z4 − 1
15
2f42p
2
1
2
z5 − 1
162
f42p
4
1
2
z6 −
f42p
6
1
2
z7
10206
+ z8

− f42p
8
1
2
1119744
−
f42
(
653184p 7
2
− 5p71
2
)
p 1
2
5598720


+
z9
(
−35f42p101
2
− 7f42
(
653184p 7
2
− 5p71
2
)
p31
2
− 839808f242p21
2
)
151165440
+ O(z10), (3.22)
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Aeb2(z) = − 1
18
p21
2
z +
1
648
p41
2
z2 −
p61
2
z3
17496
+

 p
8
1
2
559872
−
p 1
2
(
653184p 7
2
− 5p71
2
)
8398080

 z4
+
z5
(
−2519424f42p21
2
− 109p101
2
− 9
(
653184p 7
2
− 5p71
2
)
p31
2
)
604661760
+
z6
(
−37791360f42p41
2
+ 325p121
2
− 159
(
653184p 7
2
− 5p71
2
)
p51
2
)
228562145280
+ O(z6). (3.23)
One can see the black hole solution in the UV region can be expressed in series of powers
of z. In principle, one can obtain more higher powers of z to produce the full expression
of black hole background. Unfortunately, we can not obtain complete form of the black
hole solution. The main reason is still that we also do not find recurrence relation among
the coefficients of each power of z. It is easy to see that the black hole solution with
asymptotical AdS can be controlled by three integral constants p 1
2
, p 7
2
, f42. p 1
2
is free and
p 1
2
, p 7
2
, f42 are determined by boundary condition in IR region. In this case, p 7
2
, f42 are not
independent and they are determined by the black hole horizon zh. The numerical relation
between p 7
2
and f42 has been shown in Fig. 5.
50 100 150 200
f4
-6
-5
-4
-3
-2
-1
0
p 7
2
Figure 5. p 7
2
v.s.f42. p 7
2
decreasing with f42 monotonously. Here we have chosen the parameter
p 1
2
= 1GeV.
For simplifying, we choose groups of p 1
2
= 1GeV
1
2 in this paper. Here we fix parameters
p 7
2
, f42 to show black hole solutions numerically in Fig. 6-8. Finally, one can obtain the
zero temperature solution with setting p 1
2
= 1GeV
1
2 , p 7
2
= 0, f42 = 0. Tuning on p 7
2
, f42
correspond to thermal excitation of zero temperature solution and one also have seen this
phenomenon in the first group of solution. In the next section, we will calculate the
difference of free energy between the Euclidean black hole and thermal gas obtained by
Euclidean zero temperature solution to prove thermal gas is more unstable than black
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hole. In this case, turning on small value of f42 correspond the thermal excitation from
zero temperature solution. Simultaneously, f42 increases from zero to small positive value
corresponds that decreasing p 7
2
from zero to small negative number. That is to say the
black hole solution can be degenerated to zero temperature solution continuously with
setting f42 = 0, p 7
2
= 0.Where the temperature is defined by T = fb2(z)
′
4π |z=zh . Similar
consequence applies for the first group of solutions.
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0.8
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1.2
Φb2HzL
T=0.398
T=0.338
T=0.287
T=0
Figure 6. The configuration of φb2(z) as a function holographic coordinate z. Here
we have fixed p 1
2
= 1GeV
1
2 all over the paper, and the four curves’ parameters is as
following {T = 0, f42 = 0, p 7
2
= 0}, {T = 0.287GeV, f42 = 0.5GeV4, p 7
2
= −0.040...GeV72 },
{T = 0.338GeV, f42 = 1.0GeV4, p 7
2
= −0.070...GeV72 }, {T = 0.398GeV, f42 = 2.0GeV4, p 7
2
= −0.121...GeV72 }.
To get a smooth function numerically, p 7
2
have very high-precision and we replace the more addi-
tional number with ”...” for short.
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Figure 7. The configuration of fb2(z) as a function holographic coordinate z. Here
we have fixed p 1
2
= 1GeV
1
2 all over the paper, and the four curves’ parameters is as
following {T = 0, f42 = 0, p 7
2
= 0}, {T = 0.287GeV, f42 = 0.5GeV4, p 7
2
= −0.040...GeV72 },
{T = 0.338GeV, f42 = 1.0GeV4, p 7
2
= −0.070...GeV72 }, {T = 0.398GeV, f42 = 2.0GeV4, p 7
2
= −0.121...GeV72 }.
To get a smooth function numerically, p 7
2
have very high-precision and we replace the more addi-
tional number with ”...” for short.
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Figure 8. The configuration of Aeb2(z) as a function holographic coordinate z. Here
we have fixed p 1
2
= 1GeV
1
2 all over the paper, and the four curves’ parameters is as
following {T = 0, f42 = 0, p 7
2
= 0}, {T = 0.287GeV, f42 = 0.5GeV4, p 7
2
= −0.040...GeV72 },
{T = 0.338GeV, f42 = 1.0GeV4, p 7
2
= −0.070...GeV72 }, {T = 0.398GeV, f42 = 2.0GeV4, p 7
2
= −0.121...GeV72 }.
To get a smooth function numerically, p 7
2
have very high-precision and we replace the more addi-
tional number with ”...” for short.
4 Energy momentum tensor and free energy
In this section, we would like to study the stability of thermal gas solutions and Euclidean
black hole solutions by comparing the free energy. Here we should stress that thermal
gas solution is obtained by Euclidean version of zero temperature solution as mentioned
previously [55]. To obtain reasonable energy momentum tensor on the boundary, one
should introduce the suitable counter terms. For later use, we just focus on these two
groups of thermal gas solutions and black hole solutions. One will see these two groups
of solutions capture different characters of UV behaviors. These characters will lead to
different behaviors of entanglement temperature which will be studied in the next section.
4.1 Energy momentum tensor
In this subsection, we would like to introduce the counter terms to cancel the divergent of
the action and make the energy momentum tensor of dual field theory well defined. In our
cases, one can find that we have to introduce φ2, φ4, φ6 terms to cancel the divergences. For
φ2 term, it is introduced as standard AdS/CFT dictionary to make the energy momentum
tensor of dual field theory be well defined. These additional terms related to φ4, φ6 will
be helpful to give to well defined boundary energy momentum tensor for the second black
hole solution. The total action now becomes
Iren = S5D + SGH + Scount
=
1
16πG5
∫
M
d5x
√
−gE
(
R− 4
3
∂µφ∂
µφ− VE(φ)− Z(φ)
4g2g
FµνF
µν
)
− 1
16πG5
∫
∂M
d4x
√−γ
[
2K − 6
L
+
8λ2φ
2
3L
+
64λ4φ
4
9L2
+
512λ6φ
6
81L3
]
,
(4.1)
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with λ2, λ4, λ6 are coefficients of count terms φ
2, φ4, φ6 introduced here. These coefficients
can be fixed by canceling the divergences of boundary momentum tensor. Here Kij and
K are respectively the extrinsic curvature and its trace of the boundary ∂M , γij is the
induced metric on the boundary ∂M . These quantities are defined as follows
γµν = gµν + nµnν , (4.2)
Kµν = h
λ
νDλnµ, (4.3)
γ = det(γµν), (4.4)
K = gµνKµν , (4.5)
where γµν denotes the induced metric, nµ stands for the normal direction to the boundary
surface ∂M as well as Dλ stands for covariant derivative.
In the asymptotical AdS space, the boundary surface locates at z = 0 surface, and
usually one has to regularized it to a finite z = ǫ surface. So we have the normalized
normal vector nµ =
δµz√
gzz
.
The first term of the last line in (4.1) is Gibbons-Hawking term SGH and the remain
terms are related to counter terms Scount related to cosmological constant and dilaton field.
To regulate the theory, we restrict to the region z ≥ ǫ and the surface term is evaluated
at z = ǫ. The induced metric is γij =
L˜2
ǫ2 gij(x, ǫ), where the leading term of expansion of
gij(x, ǫ) with respect to ǫ is the flat metric g
ij
(0). Then the one point function of stress-energy
tensor of the dual CFT is given by [51][52]
Tij =
2√− det g(0)
δIren
δgij(0)
= lim
ǫ→0
(L2
ǫ2
2√−γ
δIren
δγij
)
. (4.6)
The finite part of boundary energy-stress tensor is from the O(ǫ2) of the Brown-York tensor
TBYij on the boundary z = ǫ, with
TBYij = −
1
16πG5
[
(Kij − (K + d− 2
L
+
λ2
L
φ(ǫ)2 +
λ4
L2
φ(ǫ)4 +
λ6
L3
φ(ǫ)6)γij)
]
, (4.7)
In the first black solution, the coefficients of count terms can be following
λ2 =
1
4
,
λ4 = 0,
λ6 = 0. (4.8)
Directly evaluate (4.7) using (4.6), we get
Ttt =
L3
16πG5
(
3
2
f41 − p1(2p
3
1
81
+
2
3
p3)). (4.9)
One can see we can only introduce the φ2 term to cancel the action to make the boundary
energy momentum tensor be well defined. These higher powers of φ, such as φ4, φ6 terms,
are not necessary to be included.
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The tt component of energy tensor on the UV boundary of the second black hole
solution
Ttt =
L3
16πG5

3f42
2
−
p81
2
5511240
−
p 1
2
p 7
2
2

 . (4.10)
To obtain the well defined boundary energy momentum tensor, it is necessary to introduce
φ2, φ4, φ6 terms. The coefficients of these terms can be determined by canceling the di-
vergences of boundary energy momentum tensor. In this case, one should introduce the
additional term φ4, φ6 terms to obtain the finite boundary momentum tensor. This aspect
is different from the previous case. Here we list the coefficients of related counter terms
λ2 =
1
8
,
λ4 =
L
1152
,
λ6 =
L2
414720
. (4.11)
In terms of the results, one can introduce more powers of φ terms as a strategy to cancel
the divergences of boundary energy momentum tensor for more general Einstein dilaton
system. Here we just only take two groups of solutions as examples to show how to obtain
the finite energy momentum tensor on the boundary.
4.2 The difference of free energy
In this subsection, we would like to study the difference of free energy between thermal gas
and Euclidean black hole2. In terms of total Euclidean action given in (4.1), we can obtain
on-shell action for black hole as following
S5D-BH = 2
∫
d3x
∫ β
0
dτ
∫ zh
0
dz∂z(b
2
ebb
′
ebfb) = 2V3β(b
2
ebb
′
ebf)|zhǫ
SGH-BH = V3β
(
b3eb(ǫ)f
′
b(ǫ) + 8b
2
eb(ǫ)b
′
eb(ǫ)fb(ǫ)
)
(4.12)
with beb(z) =
eAeb(z)
z =
eAsb(z)−
2
3φb(z)
z , the period of Euclidean time β =
1
T and volume of
space V3. Here SBHcount is given by (4.1) with insertion of thermal gas solution and ǫ is
the regularized point. Here we also used eqs.(A.5) and (A.24) to obtain (4.12). Due to
that φb satisfies the asymptotical AdS boundary condition, SBHcount = 0. Hence it is not
necessary to consider the contribution from SBHcount.
In term of (4.12), one replace Aeb, fb with Aet, ft to calculate the free energy of thermal
gas which is only dependent on UV behavior of conformal factor bet(z) in the following way
SregTG = S5D-TG + SGH + STGcount,
=
1
16πG5
lim
ǫ˜7→0
β˜(ǫ˜)V˜3(ǫ˜)
(
6b2et(ǫ˜)b
′
et(ǫ˜)
)
+ STGcount, (4.13)
2In this subsection, all studies are based on Euclidean version of gravity solution. In this paper, we
denote thermal gas solutions as Euclidean version of zero temperature solutions.
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Figure 9. The difference of free energy of black hole and thermal gas in the first group solution.
Here we choose the parameter p1 = 1.5GeV.
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Figure 10. The difference of free energy of black hole and thermal gas in the second group. Here
we choose the parameter p 1
2
= 1GeV
1
2 .
with bet =
eAet
z , the period of Euclidean time β˜ =
1
T and volume of space V˜3. Where
STGcount is given by (4.1) with insertion of thermal gas solution. We have checked that
for thermal gas solution, the integral of the Einstein-Hilbert action extends on the region
(0, zIR), where zIR is the IR cutoff and the IR contribution vanishes whenever 6b
2
et(zIR)b
′
et(zIR)→
0 as z → zIR. For these two thermal gas solutions, the IR contribution vanishes as z → zIR.
Due to the fact that φt satisfy with the asymptotical AdS boundary condition, STGcount = 0.
Here it is not necessary to consider the contribution from STGcount.
In order to compare the free energy between black hole and thermal gas, we should
match the following conditions[55]
bet(ǫ˜)β˜(ǫ˜) = beb(ǫ)β(ǫ)
√
g(ǫ), bet(ǫ˜)
3V˜3(ǫ˜) = beb(ǫ)
3V3(ǫ). (4.14)
Here ǫ, ǫ˜ are different UV cutoff in black hole and thermal gas solution respectively. One
should match φth(ǫ˜) = φb(ǫ) to obtain the relationship between ǫ and ǫ˜. In terms of the
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relationship, one can obtain the difference of on shell action between thermal gas and black
hole
SBH-TG = − βV3
16πG5
(
lim
ǫ 7→0
(
b3eb(ǫ)f
′
b(ǫ) + 6b
2
eb(ǫ)b
′
eb(ǫ)fb(ǫ)
)
+ SBHcount
)
+
(b4eb(ǫ)√fb(ǫ)
b4et(ǫ˜)
6b2et(ǫ˜)b
′
et(ǫ˜) + STGcount
)
. (4.15)
One can see the formula (4.15) 3 is consistent with on shell action [47] in EDM system
with U(1) gauge field turned off. The difference of free energy β∆F = SBH-TG between
thermal gas and black hole are always negative as shown in Fig. 9 and 10 which correspond
to the first and second group of solutions respectively. Here the ∆F denotes the difference
of free energies between them. In Fig. 9 and 10, we just set parameters to show the
difference of free energy between black hole and thermal gas. As we can see in Fig. 9 and
10, the black hole solutions will go back to thermal gas solution when the temperature
decreases to zero. In the whole region T ≥ 0, black holes solutions are favored in these two
groups of solutions. Here one should note that these thermal gas solutions are obtained by
compactifying the time direction into a circle without considering back reaction of equation
of state of thermal gas. Therefore, black hole phases is more stable than thermal gas phases
in these two groups of gravity solutions as shown in Fig. 9 and 10 in this level. We also
wound like to mention that in Fig. 9 and 10, ∆F is always negative although its absolute
value is very small when T is not large enough.
5 Entanglement temperature
As applications of these solutions from AdS/CFT point of view, we consider the novel
quantity called entanglement temperature in non-conformal cases [21][53][54] for our solu-
tions. It is highly nontrivial to consider the dynamical entanglement temperature. Now we
have generated two zero temperature solutions and the corresponding black hole solutions.
Previous studies in above sections have shown that the black hole solutions can go back to
zero temperature solutions. In this sense, that is to say black hole solutions are thermal
states of zero temperature solutions in our cases. It is necessary to check whether there
exists the first law of thermodynamics for EE in this system.
5.1 Variation of entanglement entropy in strip case
In this subsection, we consider the subsystem with a stripe profile which is defined by
−Ls2 < x1 ≡ x < Ls2 and −R02 < x2, x3 < R02 where R0, as a cutoff, is the lengthes of x2, x3
direction. Then the induced metric hµν of the bulk surface after perturbation (or thermal
excitation) in the Einstein frame is
L2e2Ae(z)
z2
( 1
f(z)
+ x′(z)2
)
dz2 +
(L2e2Ae(z)
z2
)
dx21 +
(L2e2Ae(z)
z2
)
dx22,
(5.1)
3Here we use the Euclidean action to calculate the difference of free energy. Our results is consistent
with [55].
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where x is a function of z, x = x(z) and the prime stands for the derivative with respect
to z in this subsection. We get the following volume of the submanifold which can thought
as an action
S =
L3R20
16πG5
∫
dz
1
z3
√
e6Ae(z)(1 + f(z)x′(z)2)
f(z)
. (5.2)
By minimizing the functional (5.2) to obtain the classical configuration, we get the following
equation of motion
x′′(z) +
f(z)x′(z)3 (3zA′e(z) − 3)
z
+
x′(z) (2f(z) (3zA′e(z)− 3) + zf ′(z))
2zf(z)
= 0. (5.3)
The solution is
Ls(z0) = 2
∫ z0
0
z3√
(e6Ae(z)−6Ae(z0)z60 − z6)f(z)
dz
= 2z0
∫ 1
0
t3√
(e6Ae(z0t)−6Ae(z0) − t6)f(z0t)
dt, (5.4)
where z0 is the maximal value of z on the surface in the bulk, which is also called the turning
point. Here the turning point is defined by x′|z=z0 =∞ and the boundary conditions give
x|z=0 = ±Ls/2. We only care about the case that the size Ls of subsystem satisfies
Ls ≪ R0 which means z0 ≪ R0. We have checked that Ls(z0) is monotonic function of z0
numerically. And one can show that z0 ≪ R0 is equivalent to Ls ≪ R0.
Under this approximation, eq. (5.4) can be expressed by following simple form.
Ls(z0) =
2
√
πΓ
(
2
3
)
z0√
fb,th(0)Γ
(
1
6
) +O(z0), (5.5)
where f(z) = fb,th correspond to configuration of black hole and zero temperature solution
respectively. We have expanded the integrand in (5.4) in power series of z0 and performed
the integration to obtain the Ls(z0) in case of z0 ≪ R0.
The entanglement entropy in zero temperature solution is
Sth =
L3R20
8πG5
∫ z0
0
dz
z3
√
z60e
12Aet(z)
fth(z)
(
z60e
6ft(z) − z6e6Aet(z0))
=
L3R20
8πG5z20
∫ 1
0
dt
t3
√
z60e
12Aet(z0t)
ft(z0t)
(
z60e
6ft(z0t) − (z0t)6e6Aet(z0)
) (5.6)
The entanglement entropy Sb in black hole can be obtained by replace Aeth, φth, fth
with Aeb, φb, fb. Here Sth, Sb have not been regularized. If one is only interested in the
variation of entanglement entropy, one can find that the two integrands in Sth, Sb have the
same behavior near z ∼ 0.
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Now we introduce the counter terms for Sth to resolve the divergent of integrand at
t = 0,
SthEEcout =
L3R20
8πG5
∫ 1
0
dt
( e3Aet(0)√
ft(0)t3z20
+
e3Aet(0) (6ft(0)A
′
et(0) − f ′t(0))
2ft(0)3/2t2z0
+
e3Aet(0)
(−12ft(0)f ′t(0)A′et(0) + 36ft(0)2A′et(0)2)
8ft(0)5/2t
+
e3Aet(0)
(
12ft(0)
2A′′et(0)− 2ft(0)f ′′t (0) + 3f ′t(0)2
)
8ft(0)5/2t
)
+
(
− e
3Aet(0) (6ft(0)z0A
′
et(0)− z0f ′t(0) + ft(0))
2ft(0)3/2z20
)
(5.7)
Where the final term comes from compensation to deal with divergent. Combining (5.6)
and (5.7) will lead to Sregth = Sth − SthEEcout with putting the geometrical functions Aet =
Aetn, ft = ftn, φt = φtn with n = 1, 2.
4 In term of (5.6) and (5.7), one just only replace
Aet, ft with Aeb, fb to obtain S
reg
b . Finally, the variation of entanglement entropy
∆S = Sregb − Sregth . (5.8)
In the following part, we consider the black hole as low thermal excitation of zero temper-
ature solution and calculate the difference of entanglement entropy between them approx-
imately.
5.2 Entanglement temperature in strip case
[35] has proposed a universal relation between the variance of the energy and the entangle-
ment entropy for a small subsystem on the boundary theory. The universal relation induce
a novel concept called entanglement temperature. The t− t component of the energy-stress
tensor [51][52] corresponds to the energy density (4.9) and (4.10) in first and second black
hole solution respectively.
For the finite stripe, the variance of entanglement entropy (5.8) in the subsystem of
the first group of gravity solutions is
∆Sfst =
(0.350546f41 − 0.409903p1p3)L3R20
8πG5
z0
=
(0.350546f41 − 0.409903p1p3)L3R20
8πG5
L2sΓ(
1
6)
2
π2Γ(23 )
2
. (5.9)
Where pt1 = pb1 = p1, ft41 = 0, p3 = 0 and fb41 = f41, pb3 = p3
5. On the other hand, the
increased amount of energy in the subsystem with strip configuration is given by
∆E =
∫
dx3
(
T b1tt − T t1tt
)
,
=
L3R20Ls
8πG5
(
3
2
f41 − 2
3
p1p3). (5.10)
4In this paper, we just use Aebn, fbn, φbn to denote the n-th black hole solutions and Aetn, ftn, φtn stand
for n-th zero temperature solutions.
5To make the notation clear, pt1, ft41, pt3 and pb1, fb41, pb3 denote the coefficients of thermal gas (or the
zero temperature solution) and black hole respectively in the first group of solutions.
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Where T b1tt and T
t1
tt stand for the tt component of boundary energy momentum tensor in
black hole and zero temperature in first group solutions respectively. For the exact formula
about Ttt, we refer to eq. (4.9). For p1 = 0, the first zero temperature solution and the first
black hole solution will go back to the case [35] and the variation of entanglement entropy 6
and boundary energy momentum tensor also reproduce boundary momentum tensor given
in [35].
The entanglement temperature in the first black hole is
1
Tent
=
∆Sfst
∆Efst
=
(0.350546f41 − 0.409903p1p3)
(32f41 − 23p1p3)
LsΓ(
1
6)
2
π2Γ(23)
2
. (5.11)
One can find that the Tent ∼ [E] through dimensional analysis with [f41] = [E4], [p1] =
[E1], [p3] = [E
3], [Ls] = [E
−1]. Here R0 is considered as the character length of the sub-
system on the boundary. In terms of the dimensional analysis, one can see the coefficient
highly depends on the geometry and shape of strip. In the first group of solutions, we fix
the p1 = 1.5GeV for convenience to study the entanglement temperature without loss of
generality. From our numerical study, f41, p3 are not independent and they are fixed by
horizon condition f(zh) = 0. In this sense, f41, p3 are functions of the position of black
hole horizon zh or black hole temperature. In our cases, we just only turn on small f41 or
p3 to control the temperature shown in Fig. 11. The temperature T =
fb1(z)
′
4π |z=zh increases
with f41 and p3 decreases simultaneously in the first black hole solution. The temperature
goes from zero to small positive value which corresponds to that f41 increases from zero to
small positive value. At the same time, the behavior of p3 decreases from zero to negative
value monotonically. In terms of (5.11), both of the nominator and denominator in (5.11)
are all positive 7 and the entanglement temperature are positive which is consistent with
thermodynamical first law like proposed by [35].
For the finite stripe, the variance of entanglement entropy (5.8) in the subsystem of
the second background is
∆Ssnd =
(0.350546f42 − 0.23911p 7
2
p 1
2
)L3R20
8πG5
z
3
2
0
=
(0.350546f42 − 0.23911p 7
2
p 1
2
)L3R20
8πG5
L2sΓ(
1
6 )
2
π2Γ(23)
2
. (5.12)
Where pt2 = pb21 = p2, ft42 = 0, p 7t
2
= 0 and fb42 = f42, p 7b
2
= p 7
2
8. The increased amount
6The variation of entanglement entropy (5.9)(5.12) is consistent with [35] up to normalization factor in
p1 = p 1
2
= 0 cases.
7We have checked this statement for p1 ≥ 0 numerically. It is hard to prove it analytically due to the
relation between f41 and p3 controlled by black hole horizon at this stage.
8 p 1t
2
, ft42, p 7t
2
and p 1b
2
, fb42, p 7b
2
denote the coefficients of the zero temperature solution and the black
hole respectively in the second group of solutions.
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Figure 11. T v.s. f41 in the first solution when p1 = 1.5GeV.
of energy in the subsystem with strip configuration is given by
∆E =
∫
dx3
(
T b2tt − T t2tt
)
,
=
L3R20Ls
8πG5
(
3f42
2
−
p 1
2
p 7
2
2
)
. (5.13)
Where T b2tt and T
t2
tt stand for the tt component of boundary energy momentum tensor in
black hole and zero temperature solution in second group solutions respectively. The exact
formula about Ttt is given in eq. (4.10). For p 1
2
= 0, the second zero temperature solution
will go back to case [35] and the variation of entanglement entropy and boundary energy
momentum tensor are also consistent with boundary momentum tensor given in [35].
The entanglement temperature in the second black hole is
1
Tent
=
∆Ssnd
∆Esnd
=
(0.350546f42 − 0.23911p 7
2
p 1
2
)(
3f42
2 −
p 1
2
p 7
2
2
) LsΓ(16)2
π2Γ(23)
2
(5.14)
One can also find that the Tent ∼ [E] through dimensional analysis with [f42] = [E4], [µ] =
[E1], [pn] = [E
n], [Ls] = [E
−1]. In the second group of solutions, we fix the p 1
2
= 1GeV
for convenience to study the entanglement temperature without losing generality. From
our numerical study, f42, p 7
2
are not independent and they are fixed by horizon condition
fb1(zh) = 0. In this sense, f42, p 7
2
are functions of the position of black hole horizon zh or
black hole temperature. In our cases, we turn on small f42 or p 7
2
to control the temperature
shown in figures [12]. The black hole temperature T = fb2(z)
′
4π |z=zh increases with f42 and
p 7
2
decreases simultaneously in the second black hole solution. The temperature goes from
zero to small positive value which corresponds to that f42 increases from zero to small
positive value. At the same time, the behavior of p 7
2
decreases from zero to negative value
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monotonically. In terms of (5.14), the nominator and denominator of (5.14) are all positive
9 and the entanglement temperature are positive which is the same as previous case.
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T
Figure 12. T v.s. f42 in the second solution when p 1
2
= 1GeV
1
2 .
One can see that the entanglement temperatures (5.11) (5.14) denote the first law
relation of thermodynamics for EE in these two non-conformal cases from holographic
perspective. One can note that entanglement temperature (5.11)(5.14) can reproduce that
given in [35] with p1 = p 1
2
= 0. For non-conformal cases p1 = p 1
2
6= 0, entanglement
temperatures are also related to both UV and IR geometries which characterized by p1orp 1
2
and f41, p3orf42, p 7
2
respectively. In the first group of solutions, the parameter p3 is related
to condensation of the dimension 3 operator O3 10 which holographically dual to scalar φb1
at special temperature. The exact relation can be read out from asymptotic expansion of
holographic coordinate z near UV region from (3.13) in terms of holography dictionary. In
this case, the temperature is determined by the f41 with fixing non-vanishing source p1.
In the second group of solutions, due to the bulk mass of φb2,
1
653184
(
653184p 7
2
− 5p71
2
)
corresponds to condensation of operator O 7
2
with dimension 72 living on the boundary.
Where the condensation is induced by the source p 1
2
. From (3.22), one can easily read
out the relation between the source and condensation of corresponding operator in the
same way. Here we still have no idea about exact physical meaning of these operators
partly due to that we take a bottom-up approach. One should note that there should
be two ways quantize φb1,b2 by imposing Dirichlet or Neumann conditions at the aAdS
boundary, which are often called standard and alternative quantization respectively, and
lead to two different QFTs. The analogy analysis can be done in the same way and we do
not repeat here. Therefore, non-conformal entanglement temperatures do not only depend
on geometric data of the subsystem but also data of gauge theory living on the boundary.
9We also have checked this statement for p 1
2
≥ 0 numerically.
10In terms of holographic dictionary ∆± = 12 (d ±
√
d2 + 4M2), M2φb1 = −3 and 〈O3〉 =
√
8
3
p3. Where
d is dimension of field theory and M,Mφb1 are the normalized bulk mass of scalar field. At same time,
M2φb2 = − 74 and 〈O 7
2
〉 =
√
8
3
1
653184
(
653184p 7
2
− 5p71
2
)
.
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6 Conclusion and discussion
In this paper, motivated by studying the dynamics of entanglement entropy from Einstein
equation in ED system, we make use of novel technology called potential reconstruction
approach to generate general gravity solutions in EDM system and we further study the
entanglement temperature with Maxwell field turned off. The potential reconstruction
provides an easy way to investigate novel quantities such as entanglement temperature in
complicated non-conformal system from holographical point of view.
Firstly, we generate various gravity solutions within this approach and one can find
that the scalar potential appeared in total action depends not only on configurations of
fields but also on integral constants, such as f41, f42 which are related to temperature.
This is an effective method to obtain gravity solutions. For simplify our analysis, we
fix the scalar potential to be independent of any other parameters except cosmological
constant. Through some guess works, one can obtain some zero temperature solutions
as we show in section 3. In order to study entanglement temperature, one should turn
on thermal excitation of zero temperature solution which corresponds to the black hole
solution in this paper. There is strong constrains that the black hole solution can go back
to zero temperature solution continuously by tuning some temperature parameters fbn.
Therefore, to find black hole solution in fixed scalar potential is not an easy job here.
Here we proposed a numerical way to find corresponding black hole solution to avoid the
parameters dependence of dilaton potential.
Secondly, in order to study the stability of the thermal gas solution and Euclidean
black hole solution, we also compute the free energy of them through introducing finite
powers of φ terms as counter terms. In these two groups of solutions, the difference of free
energy between thermal gas and black hole shows that thermal gas solution is more unsta-
ble than the corresponding black hole solution. In this sense, we consider the black hole
solution as an stable thermal excitation of zero temperature solution. The entanglement
entropy is a candidate for entropy in non-equilibrium physics. It is important to study the
fundamental properties of entanglement entropy in order to understand non-equilibrium
physics. In this paper, we have tuned some numerical parameter which is dual to black
hole temperature to excite zero temperature solution. After the thermal excitation, we
also study the holographic entanglement temperature and check that the first law of ther-
modynamics for HEE also exists in these two groups of solutions dynamically. This study
lead us to understanding of non-equilibrium physics as well.
In the future, we would like to study the entanglement temperature and entanglement
density in EDM system. Furthermore, it is also worth to try and check whether the
first and second laws for HEE are correct in theories dual to gravity coupled with more
general matter fields and/or with quantum corrections included [40]. Finally, the authors of
[44][48][47][50] have used potential construction approach to generate some gravity solutions
analytically. We can also make use of our numerical methods to obtain other phases. It is
possible to study the properties of these phases. In appendix B, we list various asymptotical
AdS5 solutions and some of them are good places to study gauge/gravity correspondence
in the bottom-up approach.
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A Appendix: Search of the Black Hole Solution Numerically
With U(1) gauge field turned off in Eq.(2.2), the system will be reduced to Einstein-dilaton
system as following form
SGD =
1
16πG5
∫
d5x
√
−gE
(
R− 4
3
∂µφ∂
µφ− VE(φ)
)
(A.1)
The Einstein equation and the field equation for the dilaton field are,
EMN +
1
2
gEMN
(
4
3
∂lφ∂
lφ+ VE(φ)
)
− 4
3
∂Mφ∂Nφ = 0, (A.2)
8
3
√
gE
∂M (
√
gE∂
Mφ)− ∂φVE(φ) = 0, (A.3)
with EMN = RMN − 12gEMNR.
Contracting all Lorentz indices in (A.2), we can obtain
− 3
2
R+
5
2
(
4
3
∂lφ∂
lφ+ VE(φ))− 4
3
∂lφ∂
lφ = 0 (A.4)
Inserting this equation to Eq.(A.1), we get the on-shell action as
Son−shell =
∫
d5x
√
−gE
(
2
3
VE(φ)
)
. (A.5)
Then we would like to find the black hole solution in such ED system numerically.
With taking the 4D symmetry and the asymptotically AdS condition into account, the
metric ansatz would be taken as
dS2 = b2e(z)(−f(z)dt2 + dxidxi +
1
f(z)
dz2) (A.6)
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With this ansatz, the geometric quantities can be calculated as
Rtt =
2b
′2
e
b2e
f2 +
5b
′
e
2be
ff
′
+
b
′′
e
be
f2 +
1
2
ff
′′
(A.7)
Rzz = −4b
′′
e
be
+
4b
′2
e
b2e
− 5b
′
e
2be
f
′
f
− f
′′
2f(z)
(A.8)
Rii = −2b
′2
e
b2e
f − b
′
e
be
f
′ − b
′′
e
be
f = −∂z(b
′
eb
2
ef)
b3e
(A.9)
R = −8f(z)b
′′
e
b3e
− 8b
′
ef
′(z)
b3e
− 4f(z)b
′2
e
b4e
− f
′′
b2e
(A.10)
We assume that all the quantities depend on the holographic direction z only. Then the
nontrivial component of Eq.(A.2) are only tt zz ii components. Together with Eq.(A.3),
there’re 4 non-trivial equations
Ett +
1
2
gtt(
4
3
φ
′2gzz + VE(φ)) = 0 (A.11)
Ezz +
1
2
gzz(
4
3
φ
′2gzz + VE(φ))− 4
3
φ
′2 = 0 (A.12)
Eii +
1
2
gii(
4
3
φ
′2gzz + VE(φ)) = 0 (A.13)
8
3
√
g
∂z(
√
ggzz∂zφ)− ∂φVE(φ) = 0 (A.14)
These equations can be written as,
2Ett
gtt
+
4
3
φ
′2gzz + VE(φ) = 0 (A.15)
2Eii
gii
+
4
3
φ
′2gzz + VE(φ) = 0 (A.16)
2Ezz
gzz
− 4
3
φ
′2gzz + VE(φ) = 0 (A.17)
∂φVE(φ) = ∂zVE(φ)/φ
′
= ∂z
(
−2Ett
gtt
− 4
3
φ
′2gzz
)
/φ
′
(A.18)
Then, we can further rearrange these equations as follows
VE(φ) =
Ezz
gzz
+
Ett
gtt
= −3giiRii = −3∂z(b
′
eb
2
ef)
b5e
(A.19)
4
3
φ
′2gzz =
Ezz
gzz
− Ett
gtt
=
Rzz
gzz
− Rtt
gtt
= −3 f
b2e
(
b
′′
e
be
− 2b
′2
e
b2e
) (A.20)
0 =
Eii
gii
− Ett
gtt
=
Rii
gii
− Rtt
gtt
= − 1
2b2e
(f
′′
+ 3
b
′
e
be
f
′
) (A.21)
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So the simplified equations of motion are,
− b
′′
e
be
+ 2
b
′2
e
b2e
=
4
9
φ
′2 (A.22)
f
′′
+ 3
b
′
e
be
f
′
= 0 (A.23)
−3∂z(b
′
eb
2
ef)
b5e
= VE(φ) (A.24)
8
3b5e
∂z(b
3
ef∂zφ)− ∂φVE(φ) = 0 (A.25)
One should note that these four equations are not independent. (A.22)(A.23) are 2nd order
differential equations. One of (A.24) and (A.25) is constrain equation. In order to set our
numerical strategy, we choose (A.22)(A.23)(A.25) to find numerical solution and use (A.24)
as consistent condition to check the numerical solution. This can be understood from that
∂zVE(φ) = φ
′
∂φVE(φ) =
8φ
′
3
√
g
∂z(
√
ggzzφ
′
) (A.26)
=
1√
g
(
2∂z(
√
ggzz)(
4
3
φ
′2) +
√
ggzz∂z(
4
3
φ
′2)
)
(A.27)
= − 3
b5e
(
2∂z(b
3
ef)(
b
′′
e
be
− 2b
′2
e
b2e
) + b3ef∂z(
b
′′
e
be
− 2b
′2
e
b2e
)
)
(A.28)
= −3∂z(∂z(b
2
eb
′
ef)
b5e
) +
3b
′
e(3b
′
ef
′
+ bef
′′
)
b4e
. (A.29)
So from Eq.(A.22)(A.23)(A.25), we can get
∂z(3
∂z(b
′
eb
2
ef)
b5e
+ VE(φ)) = 0 (A.30)
and if the initial condition guarantees that Eq.(A.24) is satisfied at a certain z, Eq. (A.24)
would be satisfied for all z. So the four equations are not independent. We would only
use Eq.(A.22)(A.23)(A.25) in the numeric process, and guarantee that Eq.(A.24) using
the initial condition. Finally, there are total five integral constants which should be fixed.
These five constants will be fixed later.
A.1 The first numerical black hole solution
We take VE1(φ) = − 12L2−
9 sinh2( 2φ3 )
L2
, the first analytic solution can be generated by potential
reconstruction approach
φt1(z) = p1z (A.31)
Aet1(z) = log
(
2
3p1z
sinh(23p1z)
)
(A.32)
ft1(z) = 1. (A.33)
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Then we try to find a asymptotic AdS black hole solution numerically. In order to
show this algorithm to obtain numerical solution, we assume the expansion of φ(z) as
φb1(z) = p∆z
∆ + p4−∆z4−∆ + ... (A.34)
The power order of z can be determine ∆ = 1(or equivalently ∆ = 3) from the mass term
in V (φ). We use series expansion of unknown functions as follows
φb1(z) = p1z + p3z
3 +Σnpnz
n (A.35)
Aeb1(z) = Σnanz
n (A.36)
fb1(z) = 1 + Σnfnz
n (A.37)
One should note these power orders of z for each unknown function should be consistent
with Einstein equations. The other parameters pn, an, fn
11 can be determined by equations
of motion. Here fb1(0) is set to be one to satisfy the asymptotical AdS boundary.
In terms of the equation of motion, the series expansion can be determined in terms
of coefficients p3, f41 which can be considered as the integral constants of these differential
equations. In some sense, these coefficients p1, p3, f41 stand for IR boundary conditions.
The results are as following, with the even powers of φb1(z) and odd powers of Aeb1(z), fb1(z)
being always vanishing,
φb1(z) = p1z + p3z
3 +
z5
(
405f41p1 + 612p
2
1p3
)
3240
+ ... (A.38)
Aeb1(z) = −2p
2
1z
2
27
+ z4
(
4p41
3645
− 2p1p3
15
)
+ ... (A.39)
fb1(z) = 1− f41z4 − 4
27
f41p
2
1z
6 + ... (A.40)
Without loss of generality, we would fix p1 =
3
2GeV as a setting of the energy scale in
all the calculations. In order to get a black hole solution, we would try to get a solution with
a pole in fb1(z). fb1(z) should decrease monotonously from the initial value fb1(z = 0) = 1
to fb1(zh) = 0. Where zh denotes the event horizon of the black hole. Re-writing eq.(A.25)
in terms of Aeb1, it becomes
φ
′′
b1 − (
3
z
− 3A′e1)φ
′ − −8f
′
b1z
2φ
′
b1 + 3e
2Aeb1L2∂φb1VEt1(φ)
8z2fb1
= 0, (A.41)
and due to fb1(zh) = 0, zh would be a singular point of the equation. To resolve this issue,
the solution should satisfy that −8f ′b1z2φ
′
b1 + 3e
2Aeb1L2∂φb1VEt1(φ) = 0 at z = zh and this
condition would impose a constrain on the acceptable value of the two integral constants
p3, f41 with p1 fixed, i.e. if we take a certain f41, only a certain value of p3 = p3(f41) can
create a black hole solution. Varying f41 would be related to varying the temperature of
the black hole.
11One should note that f4 = f41 in this case.
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To show how the above procedure works explicitly, we take f41 = 0.75 as an example.
For further convenience, we define a Test(z) function
Test(z) ≡ −8f ′b1z2φ
′
b1 + 3e
2Aet1L2∂φb1VEt1(φ). (A.42)
The shooting method can find the exact zh, such that fb1(zh) = Test(zh) = 0. Here
we will fix p1 = 3/2, f41 = 0.75 to show how to find zh in Fig. 13(a)(b).
We choose p3 = −0.1, and insert this three integral constants into Eqs. (A.35)(A.36)(A.37).
Then we fix the p1 =
3
2 to find the exact relation between p3 and f41. The relation can
be fixed by IR boundary condition fb(zh) = 0 and Test(zh) = 0 simultaneously. Here we
can use shoot method to find the exact zh and then p3, f41 can be determined finally. In
Fig. 13, we just tune p3 with f41 fixed to try to find the exact zh numerically. Recall that
zh satisfies fb(zh) = 0 and Test(zh) = 0. That is to say p3 and f41 are not independent and
there are relations among them and zh. This is very important in studying entanglement
temperature. Fig. 13 shows that how to find zh and p3 with f41 fixed. In Fig. 13(a), one
can vary p3 with f41 fixed and find that the blue solid line and the blue dashed line cross
the same point in x axis which means horizon has been found. In Fig. 13(b), we just show
Test(z) explicitly to confirm that there is one zh such that Test(zh) = fb1(zh) = 0 for each
p3.
To closed this section, we should summarize the algorithm. Firstly, one should figure
out the series expansion of unknown function φb1(z), AEt1(z), fb1(z) with asymptotical
AdS boundary condition. Here asymptotical AdS boundary condition can fix 2 integral
constants. Secondly, one can find three integral constants determined by IR boundary
conditions and Test(z). Finally, finding the horizon position and one of integral constants
with shooting method will fix the final two integral constants. After these three steps,
all integral constants can be fixed numerically and one can put them into the Einstein
equations to produce numerical black hole solution in this system.
A.2 The second numerical black hole solution
Following the arithmetic given in subsection A.1, we would like to find the second numerical
black hole with potential VEt2 = − 274L2−
21 cosh
(
2
√
2φ
3
)
4L2 . Here one should note that the powers
order of z is not integer anymore, since they are constrained by Einstein equation. Here we
do not repeat numerical analysis procedure as in the previous section. 12 We just choose
various parameters to obtain the corresponding black hole solution in the same way. Here
we follow the same steps to find the exact zh shown in Fig. 14. In Fig. 14, one can vary
p 7
2
with fixing f42 and find that the blue solid line and the blue dashed line cross the same
point in x axis which means zh has been found. Here the blue solid line and the blue
dashed line stands for Test(z) and fb2(z) respectively. Where Test(z) defined by (A.42)
with replacing subscript index b1 with b2. In Fig. 14(b), we just show Test(z) explicitly to
confirm that there is one zh such that Test(zh) = fb2(zh) = 0 for each p 7
2
. Once zh is fixed
with given p 1
2
, the black hole solution can be obtained numerically.
12If reader would like to repeat the above analysis mentioned in (A.1), you can only replace all the
subscript index b1 of these functions with b2.
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Figure 13. The behavior of fb1(z) and Test(z) when p3 varies and p1 = 1.5, f41 = 0.75. The solid
lines and dashed lines stands for fb1(z) and Test(z) respectively. And the Red, Green, Cyan, Blue,
Black line stand for p3 = −0.1,−0.15,−0.175,−0.18697,−0.3 respectively.
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Figure 14. The behavior of fb2(z) and Test(z) when p 7
2
varies and p 1
2
= 1, f42 = 1. The solid lines
and dashed lines stands for fb2(z) and Test(z) respectively. The Red, Green, Cyan, Blue, Black
line stand for p 7
2
= −0.01,−0.03,−0.05,−0.0706084,−0.09 respectively.
B Other Analytic Solutions
In this subsection, we would like to list other analytic solutions generated by potential
reconstruction approach in this paper. At this stage, we have not studied related properties
of these solutions. It is interesting to study these solutions with asymptotical AdS boundary
condition from holographical point of view in the future. Here we just only list other 4
– 32 –
solutions of ED system (A.1) with following ansatz
ds2E =
L2e2Aen
z2
(
−fn(z)dt2 + dz
2
fn(z)
+ dxidxi
)
. (B.1)
Where n denotes different solutions.
The 3rd solution is
Ae3(z) = log(1− µ3z) (B.2)
φ3(z) = −3
√
2 arctan(
√
µ3z) (B.3)
f3(z) = 1 + f43
(
−3
2
+ (1− µ3z) + 3
1− µ3z −
1
2(1− µ3z) + 3 log(1− µ3z)
)
(B.4)
VE3(φ3) = − 1
32L2
3 cosh4(
φ3
3
√
2
) (B.5)
(
f43 cosh
(√
2φ3
)
+ 168f43 log
(
sech2
(
φ3
3
√
2
))
(B.6)
+ cosh
(
2
√
2φ3
3
)(
24f43 log
(
sech2
(
φ3
3
√
2
))
+ 42f43 + 8
)
(B.7)
+ cosh
(√
2φ3
3
)(
192f43 log
(
sech2
(
φ3
3
√
2
))
+ 15f43 + 64
)
− 58f43 + 56
)
(B.8)
Where µ3, f43 are integral constants and L stands for asymptotical AdS radius.
The 4th solution can be expressed
Ae4(z) = − log(1 + µ
2
4z
2
3(1 + µ4z)
) (B.9)
φ4(z) =
3
√
2
2
log(1 + µ4z) (B.10)
f4(z) = 1− f44 14− 81(1 + µ4z)
2 + 84(1 + µ4z)
3 − 21(1 + µ4z)6 + 4(1 + µ4z)9
756(1 + µ4z)2
(B.11)
VE4(φ4) = −14e
2
√
2φ4
3
3L2
− 20e
− 1
3(
√
2φ4)
3L2
− 2e
− 1
3(4
√
2φ4)
3L2
+ (B.12)
f44
L2
(
− 5e
− 1
3(
√
2φ4)
7
+
2e−
√
2φ4
9
− e
− 1
3(4
√
2φ4)
14
+
5e
√
2φ4
21
− e
2
√
2φ4
126
− e
2
√
2φ4
3
2
+
5
6
)
, (B.13)
where µ4, f44 are integral constants and L stands for asymptotical AdS radius.
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The 5th solution is
Ae5(z) = − log(3(−1 + (1 + µ5z)
5/3)
5µ5z(1 + µ5z)1/3
) (B.14)
φ5(z) = log(1 + µ5z) (B.15)
f5(z) = 1− f45
(9
5
(1 + µ5z)
5/3 − 9
10
(1 + µ5z)
10/3
+
1
5
(1 + µ5z)
5 − log(1 + µ5z)− 11
10
)
(B.16)
VE5(φ5) = −
3e−
8φ5
3
(
40e
5φ5
3 + 60e
10φ5
3
)
25L2
−
3f45e
− 8φ5
3
(
12e
10φ5
3 (5φ5 − 3) + e
20φ5
3 − 12e5φ5 + e 5φ53 (40φ5 + 44) + 3
)
25L2
,(B.17)
Where µ5, f45 are integral constants and L stands for asymptotical AdS radius.
The 6th solution is
Ae6(z) = − log(1 + µα6 zα) (B.18)
φ6(z) = 3
√
1 + α
α
arcsin(
√
µα6 z
α) (B.19)
f6(z) = 1− f46µ46z4
(
1 +
12µα6 z
α
4 + α
+
6µ2α6 z
2α
2 + α
+
4µ3α6 z
3α
4 + 3α
)
(B.20)
VE6(φ6) =
3
(−256 (3α3 + 22α2 + 48α + 32))
64(α + 2)(α + 4)(3α + 4)L2
+
3
(−32 (3α4 + 25α3 + 70α2 + 80α+ 32))
64(α + 2)(α + 4)(3α + 4)L2
sinh2
(
αφ6
3
√
α(α+ 1)
)(
(3α + 4) cosh
(
2αφ6
3
√
α(α + 1)
)
− 5α + 12
)
+
3α2
(−120α3 − 134α2 − 114α − 40) f46 sinh 8α+2
(
αφ6
3
√
α(α+1)
)
64(α + 2)(α + 4)(3α + 4)L2
+ 3α2f46 sinh
8
α
+2
(
αφ6
3
√
α(α + 1)
) (3 (24α3 − 35α2 − 49α− 20) cosh( 2αφ6
3
√
α(α+1)
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64(α + 2)(α + 4)(3α + 4)L2
+
3α2f46 sinh
8
α
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(
αφ6
3
√
α(α+1)
)(
6
(
5α2 − 5α − 4) cosh( 4αφ6
3
√
α(α+1)
)
− 4 cosh
(
2αφ6√
α(α+1)
))
64(α + 2)(α + 4)(3α + 4)L2
+
3α2f46 sinh
8
α
+2
(
αφ6
3
√
α(α+1)
)(
α2 cosh
(
2αφ6√
α(α+1)
)
+ 3α cosh
(
2αφ6√
α(α+1)
))
64(α + 2)(α + 4)(3α + 4)L2
, (B.21)
Where µ6, f46 are integral constants and L stands for asymptotical AdS radius. In this
case, one can deform this solution by turning the parameter α which is useful to build up
some asymptotical AdS background.
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To close this subsection, we would like to add the following comments. One can use
potential reconstruction approach to generate various gravity background in conformal
ansatz and domain wall ansatz. One should note from the solutions given above that the
geometric parameters contribute to dilaton potential VE1,E2,E3,E4,E5,E6. Changing these
parameters in the potential VEn with n = 1, ..., 6 means that the theory is changed. In
other words, different values of the parameters f4n, µn in VEn correspond to different grav-
ity theories. In some gravity solutions [44][49] reconstructed by this method, it seems
inevitable that these different theories can be connected by the same form of action with
different values of parameters in VEn. The different values of parameters corresponds
to different configuration of bulk field and different potential, therefore, these theory are
not equivalent to each other any more. Once one constructs gravity background, for the
stability of the system, one should confirm the potential VE1, VE2, VE3, VE4, VE5, VE6 and
Ae1,e2,e3,e4,e5,e6(z), f1,2,3,4,5,6(z), φ1,2,3,4,5,6(z) should satisfy the constrains from other per-
spectives, e.g., Breitenlohner-Freedman bound of scalar field near AdS boundary [56][57],
that the total action is finite, well-defined boundary conditions of the system and so on.
Generally speaking, the method is efficient and effective and using the approach needs ones
to do something more to make the solution self-consistently. In order to avoid arbitrary
dilaton potential generated by potential reconstruction, we arrange a systematic method
to obtain zero temperature solution and the corresponding numerical black hole solution
with the same dilation potential in ED system. By following the logic present in this pa-
per, one can produce nontrivial thermal gas solutions and obtain the black hole solutions
numerically. This approach is not the one from first principle (i. e. top-down) but an
effective and efficient way which shed light on study of gauge/gravity duality.
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